Tiny radiative losses below the 0.1% level can prove ruinous to the effective laser cooling of a molecule. In this paper the laser cooling of a hydride is studied with rovibronic detail using ab initio quantum chemistry in order to document the decays to all possible electronic states (not just the vibrational branching within a single electronic transition) and to identify the most populated final quantum states. The effect of spin-orbit and associated couplings on the properties of the lowest excited states of BaH are analysed in detail. The lifetimes of the A 2 Π 1/2 , H 2 ∆ 3/2 and E 2 Π 1/2 states are calculated (136 ns, 5.8 µs and 46 ns respectively) for the first time, while the theoretical value for B 2 Σ + 1/2 is in good agreement with experiments. Using a simple rate model the numbers of absorption-emission cycles possible for both one-and two-colour cooling on the competing electronic transitions are determined, and it is clearly demonstrated that the A 2 Π -X 2 Σ + transition is superior to B 2 Σ + -X 2 Σ + , where multiple tiny decay channels degrade its efficiency. Further possible improvements to the cooling method are proposed.
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I. INTRODUCTION
The BaH molecule is an intriguing 1 laser cooling candidate, partly because it would be the first hydride to be cooled in this way but also because it is a potential source of ultracold hydrogen atoms. Along with its sister molecules BeH 2 and MgH 3 , this radical is one of the most studied metal-bearing diatomic hydrides since it's first laboratory identification in 1909 4 . It possesses three low lying excited states correlated to the 5d state of the Ba atom that share very similar spectroscopic parameters that closely resemble the X 2 Σ + ground state. This ensures diagonal Franck-Condon (FC) factors close to 1 that are crucial to ensuring the enormous number of absorption-emission cycles (over 10 4 ) required for strong laser cooling with a manageable number of light fields. Indeed, because of the large vibrational separation in hydrides BaH appears to be one of the few molecular systems where greater than 5 000 cycles 1 can be achieved with just two vibronic transitions (lasers). In addition, all three 5d states and even the higher lying E 2 Π curve lie below the first dissociation limit, ensuring that predissociation is not a loss mechanism. This is not the case with the lighter alkaline-earth hydrides, weakening the ability of laser methods 5 to effectively cool those systems. Already a buffer gas beam 6 of BaH molecules in the X 2 Σ + 1/2
(v = 0, N = 1) state has been tested 7, 8 in preparation for future laser cooling experiments.
The optical and near-infrared spectra [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] of BaH is dominated by the three 5d-complex states. The lowest excited electronic H 2 ∆ state was first discovered as a perturbating state in the near infra-red spectrum 10 of BaH. a) Corresponding author: i.lane@qub.ac.uk
It was finally directly measured 14 in an laser-based study in 1987, though only the upper spin-orbit component was reported. It wasn't long, however, before the H 2 ∆ 3/2 state was observed when 52 lines were recorded in a thermal (1000
• C) emission study subsequently included in a global fit 15 of the BaH visible and near infra-red spectra. These lines belonged to the H 2 ∆ 3/2 -X 2 Σ + 1/2 (0-0) band system. The equivalent spectrum, however, in BaD was much less intense, suggesting a very weak transition. A later, more comprehensive analysis 16 included Laser Induced Fluorescence (LIF) transitions involving H 2 ∆ 3/2 v = 1. This work folded in spectroscopic data involving all three 5d-complex states in order to derive the spectroscopic constants and is currently the only experimental measurement of the spin-orbit splitting (A = 217.298 cm −1 for ν = 0) in the H 2 ∆ state. A final study 17 of the H 2 ∆ -X 2 Σ + chemiluminescence, including observations at higher temperatures, attempted to explain some anomalies in the observed spectrum. Later high-quality Fourier-transform data 13 of BaH provided some improvement in wavenumber measurements and spectroscopic constants for the B 2 Σ + v = 0-3 vi-bronic levels. Members of that experimental team later determined the lifetime 19 of the B 2 Σ + (v = 0, J = 11/2) level as 124 ± 2 ns. Such a measurement is of huge importance to the ultracold molecule community because the rate of laser cooling is crucial in maximising the efficiency of the process. Too long an excited state lifetime and the cooling process is too slow, but a very short lifetime results in a high Doppler temperature T D (this is determined by the natural linewidth). A further concern is the unwelcome presence of additional radiative decay channels that will ensure the laser cooling cycle ultimately terminates: any lower lying state that can optically couple with the upper cooling level can potentially induce significant losses.
The highly diagonal nature of the lowest energy electronic transitions has somewhat restricted the information that experiments can reveal on the bond length dependence of the electronic energies. Fortunately, theoretical quantum chemistry can help fill these gaps and provide information of a number of key properties such as the dissociation energy. A recently calculated potential 21 that incorporated both ab initio and experimental data matches the lowest vibrational levels with sub-wavenumber accuracy. However, there remains only a single theoretical 22 study that includes the effects of spin-orbit interactions, though the obtained spin-orbit coupling (SO-coupling) constants for the 2 Π states were rather higher than the experimental values. Ab initio calculations have also been shown 23 to be a useful method to screen for suitable laser cooling candidates. Previous work 1,5 on laser cooling in BaH has not, however, included the effect of the unpaired electron spin on the electronic states and ro-vibrational levels. BaH is a particularly attractive diatomic for a more detailed, quantitative description of the laser cooling process because a number of the important physical parameters have also been measured (summarised in Table I ) that can help refine the theoretical calculations. However, key information is still missing from the data that theoretical work can help provide. The present contribution aims to produce the most complete theoretical analysis to date on laser cooling a diatomic, and in particular of the BaH radical and the associated electronic transitions.
II. AB INITIO CALCULATIONS
Ab initio calculations of the potential energy curves were performed at a post Hartree-Fock level using a parallel version of the MOLPRO 24 (version 2010.1) suite of quantum chemistry codes. An earlier study had demonstrated that describing the barium atomic orbitals using the aug-cc-pCVnZ basis sets (n = Q,5) taken to the CBS (Complete Basis Set) limit could produce 21 a highly accurate ground state potential for BaH. In the present work the smaller aug-cc-pCVQZ (ACVQZ) basis set 25 was used on the barium atom (to describe the 5s5p6s electrons) and the study extended to include the and was produced by taking the most diffuse exponents from the AVQZ barium basis set and adding them to the standard 25 cc-pCVQZ functions. To describe the atomic orbitals on the hydrogen atom the equivalent augcc-pVQZ basis was used 27 . The active space consisted of all the occupied valence orbitals plus the 6p5d and the lowest Rydberg 7s-orbital on barium (three electrons in eleven orbitals). The electron correlation was determined using both the State-Averaged Complete Active Space Self-Consistent Field 28 (SA-CASSCF) and the Multireference Configuration Interaction 29 (MRCI) methods (for static and dynamic correlation, respectively). The latter is restricted to excitations of single or double electrons (three electrons in eleven orbitals) so to estimate the higher order contributions the Davidson correction 30 was applied. The Abelian point group C 2v is used to describe the diatomic orbitals and symmetry labels. All doublet states expected from the first five atomic limits were included in the SA-CASSCF calculation, namely
2 A 2 (abbreviated to CAS-7442), while only the 5 states considered in this study were included in the subsequent MRCI calculations (
The resulting potentials are in good agreement with previous work from this group using the aug-cc-pV6Z basis 21 set.
Next, the SO-couplings present were determined 31 using the same basis set and again the MOLPRO suite of programs. In this paper we adopt the traditional Hund's (a) electronic label for those potentials calculated without consideration of spin-orbit coupling effects such as The generated MRCI+Q (including the Davidson correction) potential energy curves for the electronic states with minima below the ground dissociation limit are shown in Fig. 1(a) . The calculated equilibrium bond lengths r e , electronic origins T e and well depths D e for all these states are documented in Table II 16 d vs. Appelblad et al. 13 The equilibrium bond length in the resulting X 2 Σ + state potential (r e = 2.23Å) was a superior match to experiment 20 than previous 1,5,22 theoretical studies save the CBS potential 21 from Moore et al. The biggest discrepancies are found for the states belonging to the 5d-complex, which is perhaps not surprising as the quadruple-zeta basis set here may be struggling to replicate fully the d-orbital on the Ba atom (the maximum angular momentum function present in the basis set is l = 4), whereas the higher-lying E 2 Π state requires just a p-orbital and the present calculation is within 0.2 pm of the experimental 20 value. Furthermore, the calculated MRCI+Q vibrational spacings (Table III) 
However DUO is capable of treating the coupled state problem to account for spin-orbit and other interactions, allowing for a more appropriate description of the rovibrational states in the cooling cycle. When spin-orbit coupling is included the good electronic quantum number becomes Ω. While MOLPRO represents all calculations in the C 2v point group symmetry, DUO handles explicitly C ∞v symmetry states and appropriate conversions 34 are required to prepare MOLPRO output data for input into DUO:
where |state, Λ, Σ are the C ∞v electronic wavefunctions 3334 and σ, π and δ are molecular orbitals. DUO requires both the spin-orbit coupling functions and the ladder coupling functions for the generation of energy levels with inclusion of spin orbit effects in the ro-vibrational eigenstates. At points in the calculation the phase of a given wavefunction may invert, leading to a notable discontinuity in the function. To ensure consistency the phase at the r e is taken as the reference and any change in sign between two ab initio points is regarded as unphysical and reversed to maintain a smooth (slow) change in value. Additionally, where any state with Λ > 0 is involved, the C ∞v function will require contributions from multiple C 2v functions, which may in turn be sourced from C 2v roots that change with internuclear separation. For example, the H 2 ∆ and B 2 Σ + may readily switch in their nA 1 representations.
There are currently three experimental values available for the BaH states of interest ( Table I ) that are particularly sensitive to spin-orbit effects, namely the lifetime of the B 2 Σ + 1/2 state and the spin-orbit splitting in both the 2 Π states. When the standard spin-orbit calculation routine in MOLPRO was adopted, the result for the lifetime was acceptable (though rather short) but the spin-orbit splittings were poor: for example, the splitting in the E 2 Π state was calculated as 296 cm −1 , just 64% of its true value. The origin of the problem appeared to be the presence of an ECP to describe the barium atom. Unfortunately, if the alternative spin-orbit routine in MOL-PRO (ECPLS) is used in its place the contributions from other atoms to the spin-orbit matrix elements are ignored. However, the molecule of interest is a diatomic and the lack of orbital angular momentum contributed from the hydrogen ( 2 S) should make this a relatively trivial concern. In addition, the lower lying electronic states of BaH 21 have considerable ionic character, so effectively the hydrogen exists in the form of H − ( 1 S) and there is no spin-orbit contribution. The calculated spectroscopic constants for all states with the spin-orbit corrections are Fig. 2 presents the spin-orbit functions determined in this five state calculation. It can be readily seen that some discontinuities still persist in the functions, which often correspond to crossings or avoided-crossings in the parents potentials. Ideally such discontinuities might be smoothed through use of a polynomial-type fit. Similar discontinuities can also be seen in the dipole functions
Generated spin-orbit coupling functions as a function of interatomic separation for (a) the 5d-complex states and (b) the E 2 Π state.
etc (see text). The minimum of the X state potential is marked with the dashed grey lines. Spin-orbit coupling matrix elements for BaH computed (dots) with MRCI wavefunctions using the ACVQZ basis set. The interpolated region on matrix elements involving the B 2 Σ + state (dashed lines) is due to the switch of electron orbital occupancies to that of the D 2 Σ + state for the lowest excited 2 Σ + potential 21 . Note this is far outside the FC region of concern here, as are the minor discontinuities in the curves.
for the five state calculation (Fig. 3) . However, they lie well outside the Franck-Condon region which is the focus of the transitions considered in this particular study. The calculated angular momentum couplings L x and L y matrix elements are shown in Fig. 4 .
The calculated spin-orbit coupling for the 5d-complex states H 2 ∆ and A 2 Π are both within 4% of spectroscopic measurements.
In , though the signs are reversed. This change of sign has no effect on the computed energy values. The final SO potential curves are shown in Fig. 1(b) along with the corresponding N = 0 rovibronic energy levels as calculated using DUO.
The calculated minima (Table II) ues computed for the 5d complex (B 2 Σ + , A 2 Π and H 2 ∆) states are notably less accurate than the other electronic states studied for the reasons discussed earlier in Section III A and including the SO coupling does not dramatically improve that agreement (Table IV) . However, the computed SO splittings and ro-vibrational spacings are excellent but clearly properties that are particularly sensitive to either r e or T e , such as the Einstein Acoefficients, need to be corrected.
IV. LASER COOLING BAH
A successful laser cooling strategy for a molecule requires a strongly diagonal electronic transition that does not suffer significant parasitic losses, such as predissociation or decay to a dark state. All the states discussed in this paper lie below the lowest dissociation limit so only radiative decay outside the cooling cycle is of concern.
A. Transition dipole moments
The transition dipole moments (TDMs) that are computed at the MRCI level are shown in Fig. 3 . This step is done within the spin-orbit code of MOLPRO and was performed to ensure a much higher accuracy than possible with CASSCF wavefunctions. However, it was observed that the nature of the underlying CASSCF/MRCI wavefunctions strongly affected the final TDM values. In Fig. 6 , the same basis set and active space (8a 1 3b 1 3b 2 1a 2 ) is used in two different TDM calculations. The first uses a CAS-6222 calculation followed by an MRCI calculation MRCI-5222, while in the second case a CAS-7442 calculation was followed by MRCI-3221. In both cases two 2 B 1 states featured at the MRCI level yet the ab initio A-X and B-X TDMs showed discrepancies between the calculated values of typically between 2-5%. Fig. 7(b) (Table VI) . However, discrepancies between the calculated vales of T e and r e can lead to errors in the decay rates and ultimately the excited state lifetimes. The effect of shifting the value of r e for the calculated B 2 Σ + state on its lifetime is presented in Fig. 7(a) . There is a significant but smooth dependence (left hand panel) on r e even over a range of just ± 2 pm. When considering FC-Factors it is the difference in r e between the lower and upper states that is especially important in determining their final magnitude. The observed experimental ∆r e between the X 2 Σ + and B 2 Σ + states corresponds to a shift in the B 2 Σ + potential minimum marked by the hollow dot in Fig. 7(a) (Fig. 7(c) ) is 136.2 ns, slightly longer than the corresponding vibrational level in B 2 Σ + . The difference is consistent both with the change in the ω 3 term in the lifetime formula 36 on moving from the B 2 Σ + to the lower lying A 2 Π state and that the A -X transition dipole moments is slightly larger across the ground state v = 0 wavefunction. In addition, comparing a DUO calculation that includes the E 2 Π state with another that does not reveals that mixing with the E 2 Π 1/2 state at shorter range lowered the lifetime of the A 2 Π 1/2 state by around 5 ns. The apparently much shorter lifetime predicted 5 by Gao et al. can also be explained as simply the result of unresolved F 1 and F 2 components for each rotational level in the 2 Π state, effectively leading to a double counting of ro-vibronic levels (a consequence of not including the electron spin because of the restriction 37 to singlet states in the LEVEL code).
C. Comparison of laser cooling strategies in BaH
The leading candidates for cooling transitions involve the lowest rotational levels in the A 2 Π and B 2 Σ + states optically driven from the ground X 2 Σ + state. They have almost identical TDMs and by using two lasers, to repopulate them from the lowest pair of vibrational levels in the X 2 Σ + state, both transitions have very similar efficiencies. Crucially, however, the A -X cooling has a single loss channel involving another electronic state (A -H) while the B -X transition has three (stronger) decay routes as shown in Table VI .
The fraction of molecules that remain in the cooling cycle is determined by the number of loss channels that are optically linked to the excited state. If all these decay channels are optically pumped then the cooling cycle is closed. While common for atoms, this is unlikely in molecules because there are simply a larger number of decay pathways available. The maximum number of cycles N n that n light fields can support and maintain f molecules in the cooling cycle is given by
where R ij is the ratio of the Einstein A-coefficient for the vibronic transition i − j to the total loss for the excited state 1 and the sum is over those transitions that are optically pumped. The higher this sum (the closer to 1), the larger the number of cooling cycles that can be supported. In this study decays to all possible electronic states are considered, not just the vibrational branching within a single electronic transition. These additional decays are minute, typically less than 0.01%, but become significant as the cooling cycle is extended. Setting f as 0.1 (90% loss in molecular beam intensity) the number of cooling cycles supported by each cooling transition can be determined for both one and two colour cooling. For one-colour cooling the number of cycles is small and very similar for the two transitions (Table VII) , though A -X is usually somewhat higher. This is consistent with the largest decay channel being the 0-1 for both transitions.
If this leak is plugged by a second laser, the B-state can still decay to the lower lying H 2 ∆ 3/2 , A 2 Π 1/2 and A 2 Π 3/2 states. As a result the two-colour B -X cooling strategy suffers approximately 0.102% losses per cycle, limiting the number of cooling transitions to less than 2300 (N 2 = 2.25 x10
3 ). By contrast, the two colour A -X cooling transition supports over 53 thousand (N 2 = 5.37 x10 4 ) cycles. Furthermore, multiple repumping transitions would be required to reactivate the cooling cycle using B -X while only one additional repump laser would be necessary to achieve the same using the alternative A 2 Π 1/2 excited state. The most important loss channel is to the H 2 ∆, v = 0 vibronic state (the level marked in Fig. 1(b) by the lowest filled dot) for both the A 2 Π 1/2 and, rather surprisingly, the B 2 Σ + v = 0 excited levels (indicated by the empty dots). Meanwhile, decay is also to both the A 2 Π 1/2 and A 2 Π 3/2 states when cooling using the B 2 Σ + state. The maximum deceleration, a max is slightly larger for the B -X transition due to the shorter cooling wavelength and the slightly faster rate of decay but the superior cooling time (N 2 τ ) clearly ensures that pumping X 2 Σ + 1/2 (v = 0, 1) into the A 2 Π 1/2 state is the best cooling strategy. Fig. 7 illustrates the sensitivity of both N 1 and N 2 (middle and right hand panels) to small changes in the upper state potential minimum and reveals that the r e dependence of these numbers can be very different, even within the same cooling transition. With over fifty thousand cooling cycles in the two colour A -X cooling transition, this technique could even cool the beam 8 of Iwata et al. down to the Doppler temperature using just two colours as around 3.7 x10
4 cycles are required at a max .
The population lost to the H 2 ∆ 3/2 v = 0, J = 3/2 level cannot exist indefinitely and ultimately decays radiatively to the ground X 2 Σ + 1/2 state. As before, this transition is forbidden in Hund's case (a) but spin-orbit mixing results in some 2 Π character in the H 2 ∆ 3/2 state. The resulting intensity borrowing reduces the lifetime to τ = 5.8 µs. This result is consistent with the experimental [15] [16] [17] observation of the weak H 2 ∆ 3/2 → X 2 Σ + 1/2 transition. This lifetime is much too long for strong, effective laser cooling, but its low Doppler temperature could suggest it might be very useful for producing and maintaining a very low temperature cloud of (already) trapped BaH radicals. Unfortunately, there is no closed cycle for a 2 ∆ 3/2 -2 Σ + 1/2 transition because the lowest excited rovibronic J = 3/2 state decays to two separate lower N levels (via the three available P-, Q-and R-branches).
D. Further improvements to the cooling cycle
The goal is clearly to ensure that the number of cooling cycles to achieve the Doppler temperature, N Dopp , is much smaller than the number of cooling cycles that can be applied N Dopp ≤ N i . One method is to reduce N Dopp by reducing the initial velocity of the BaH beam. Doyle and co-workers 38 have demonstrated a buffer-gas cooled molecular beam of CaH with a forward velocity of just 65 ms −1 so it may be possible to reduce the velocity further in the buffer-gas BaH beam. Another approach is to use a Stark decelerator 39 to reduce the beam velocity prior to laser cooling. A travelling-wave design 40 is very effective at reducing the forward velocity without excessive beam losses. The dipole moment of BaH has not been measured but an approximate value can be determined 41 using the method of Hou and Bernath that relies on using measured permanent dipole moments and equilibrium bond lengths of related ionic molecules. For BaH, the relevant expression is based on these values for the ground state of the BaF radical
where φ = 5.7202 D 2Å , a constant based 41 on the experimental properties of the CaF 42 and CaH 43 radicals. The estimated BaH dipole moment is 2.677 D, larger than both CaH and MgH though around 20% smaller than corresponding fluoride. Such a dipole moment is ideal for a travelling wave decelerator, particularly when combined with the low forward velocity of a BaH buffercooled molecular beam. This estimated dipole is ∼20% smaller than the permanent dipole at r e , 3.32 D, computed here with the ACVQZ basis set but less than a quarter the value calculated 32 by Lesiuk et al. An alternative approach is to add additional cooling lasers to plug the remaining leaks. The most effective requires excitation out of the H 2 ∆ 3/2 , v = 0 level and repopulation of v = 0 and v = 1 in the X 2 Σ + 1/2 state. The only suitable excited state appears to be E 2 Π 1/2 which requires laser radiation at ≈ 1775 nm (the vibronic levels involved are marked in Fig. 1(b) by the filled dots). At least 45 ro-vibronic levels can be populated by radiative decay from E 2 Π 1/2 v = 0 (the transition dipole moments involving E 2 Π 1/2 as the upper state are shown in Fig. 3 (b) ) so this repumping method would at first sight seem very inefficient. However, unlike the situation with atomic levels, the FC factors help limit the number of strong transitions and this (in combination with the ω 3 factor in the Einstein A-coefficient for a diatomic transition 36 ) ensures that over 94% (94.61%) of the decay is back into the cooling cycle (the details can be found in v = 2 instead) and increases the number of cooling cycles towards a quarter of a million (N 3 = 2.34 x10 5 ). The above analysis may still be somewhat of an idealisation because it assumes (1) there are only electric dipole decay pathways and (2) that the primary two cooling lasers use the same upper level. When the decay level lies around 0.01% there is a possibility that magnetic dipole 44 and electric quadrupole transitions can take place that preserve the parity and therefore break the cooling cycle. Meanwhile, the use of two different excited vibronic levels helps prevent any possible interference effects suppressing absorption but inevitably brings the problem of additional decay pathways from the new excited level. The worst case here would be to adopt the strong B -X (1 -1) diagonal transition instead of A -X (0 -1) considered in Section IV C because this not only enhances the decay to X 2 Σ 
The total repumping losses now lie above 2.6% (as opposed to essentially zero in the earlier model, see Table IX) resulting in the overall two-colour loss rising to almost 0.015%, ten times that in the ideal A -X laser cooling scenario. Note how the lifetime of this level is slightly longer than v = 0. The lowest losses are achieved using the B -X (0 -1) branch transition instead as this limits the increased decay to around 0.0005%. However, even this small increase reduced the value of N 2 by over six thousand cooling cycles (N 2 = 4.77 x10 4 ) and the three-colour cycles to N 3 = 1.51 x10 5 , down by almost one hundred thousand. This suggests that an additional improvement would be to keep the shared upper rovibronic level for the two cooling lasers but modulate the laser amplitudes in anti-phase in order to prevent dark state formation.
V. CONCLUSIONS
In many ways the simulation of laser cooling dynamics is one of the most stringent tests of ab initio quantum chemistry by virtue of the thousands of transitions that must be successfully computed. This paper has highlighted a number of these issues in the case of the radical hydride BaH. By including spin-orbit coupling to the analysis of laser cooling at the ro-vibrational level, it is clear that the redder A 2 Π -X ) with energies determined from Duo data alone (ωDuo) and with corrections using experimental data (ωexp). ∆ is the % difference between ωDuo and ωexp. Decay branching ratios using the corrected energies are also tabulated (only decays of 0.01% or greater shown). Despite at least 45 decay paths available, nearly 94% returns to X 2 Σ + 1/2 v = 0 and 1. A is the Einstein A-coefficient for each transition and Ratio is the value of Rij in percentage terms. prove possible to cool a buffer-gas cooled beam of BaH down to the Doppler temperature with just two cooling lasers. However, quantitative information (such as the maximum number of cooling cycles) is difficult to extract from the ab initio calculations, even with the help of crucial experimental data.
VI.
